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Abstract: Fullrange loudspeakers are used in this article as an example of electromechanical system with nonlinear
behaviour. Fullrange loudspeakers tend to have diameters smaller than 6˝. Due to their small size they have to work with
long cone excursions to achieve sufficient sound pressure levels in lower frequency range; therefore they are prone to the
nonlinear distortion. Different methods were already developed for identification of different types of nonlinear distortions
produced by electromechanical system. All these methods use well known test signals together with extensive digital signal
processing, especially transformations from time domain into frequency domain and vice versa. Only few researchers
observed nonlinear distortions in the original time domain; however they used only well-established test signals. A
different test signal is proposed in this article. New test signal enables very fast and lucid identification of cumulative
nonlinear distortions. By using this proposed test procedure, the nonlinear effect can be easily quantified for the purpose of
comparing and evaluating different electromechanical systems. A new approach of incorporating a simple nonlinear
operator into the convolution integral, for the purpose of simulating the nonlinear responses, is introduced in this article as
well. Results of measurements, using proposed signal, and simulations, using convolution with incorporated nonlinear
operator, are in good agreement and validate each other.
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1. INTRODUCTION
Electromechanical systems, in a real environment
are generally time invariant and include nonlinearity.
Hence, a single linear model does not precisely match
these systems. Nonlinearity is usually determined from
additional measured responses of the system at different
levels of input signal, [1, 2].
Impulse response measurements of electromechanical systems are frequently performed for system
characterization and modeling. These measurements are
affected with noise and with nonlinearity of the
measured system, among others. While measurement
noise may be reduced by increasing the length of the
excitation signal and by averaging the outputs from
several excitations, nonlinearity is an inherent problem
for such techniques and is difficult to be characterized
accurately.
Identification of relatively simple nonlinear systems
is possible using iterative procedures, although this is
complicated by the requirement for reasonably accurate

initialization, [3]. Kemp and Primack compared two
such methods for nonlinear system identification;
Diagonal Volterra model and Exponential sine sweep
[4]. Both processes are time consuming and demands
automatize measurement equipment and data analysis.
There are also numerous other methods for
identification of nonlinear effects within the
electromechanical system, however they all demand
sophisticated equipment and extensive signal
processing. In order to simplify the process of
evaluating
the
effects
of
nonlinearity
in
electromechanical systems, a new method for numerical
modeling of nonlinearity was developed.
Small fullrange loudspeakers were selected as test
object because they are rarely studied in literature,
despite the wide range of embedded products using this
type of loudspeaker. Additionally, developing a better
loudspeaker should be a relevant solution to improve the
global quality of the system. Despite the technological
process improving, a low-cost loudspeakers used in
multimedia devices are still highly non-linear, [5].

In a conventional loudspeaker system, the source of
nonlinearity is mainly the loudspeaker unit. The
loudspeaker nonlinearities depend on displacement of
the coil x (Fig.1) and on the electrical current in the
voice coil, [5]. xlin depicts the limit within the
loudspeaker works as linear system. xmax depicts the
maximum displacement within the loudspeaker is
working, and xdamage is the limit after which the
loudspeaker is damaged. Sources of nonlinearity are
directly related to the geometry and material properties
of the internal components, [2]. Nonlinearities, which
produce distortions, can be classified into three
categories. The first type corresponds to the motor
nonlinearities, second type corresponds to the
suspension nonlinearities, and the third type
corresponds to the acoustical nonlinearities. The last
source of nonlinearity is not described here since these
nonlinearities are directly produced only if sound
pressure level exceeds 130 dB. This is not possible with
small fullrange loudspeaker, [6].

1.2. The voice coil inductance
The coil self-inductance depends on the moving part
position. This dependence generates a reluctant force.
This reluctant force is given by, [6]:
1

𝐹𝑟𝑒𝑙(𝑡) = 𝑖(𝑡) 2
2

𝑑𝐿𝑒(𝑥)
𝑑𝑥

(2)

We see that when the inductance Le does not depend
on the voice coil position x, the reluctant force Frel(t)
equals zero. This is actually one of the assumptions of
the Small signal model using lumped parameters.
1.3. Eddy currents
The electrical conductivity of the iron is high enough to
let the eddy currents appear in the iron yoke pieces of
the motor. Vanderkooy proposed a model which takes
this phenomenon into account. The interaction between
the eddy currents and the current in the coil generates a
drag force Fdrag which can be written as follows, [8]:
𝐹𝑑𝑟𝑎𝑔 = 𝜇(𝑖, 𝑥)

𝑑𝑥(𝑡)1,7
𝑑𝑡

(3)

Where µ (i,x) can be defined as the sensitivity of the
drag force, according to the eddy currents. Force
therefore depends on the input current, and on the
position of the voice coil within the magnetic field.
1.4. The suspension

Fig. 1: Working range of loudspeaker
1.1. The motor structure
Dependence of the force factor Brl on the displacement
x(t) of the coil is among the major sources of
nonlinearities [2]. It can be observed by comparing the
level ratio of different harmonics. The odd harmonics
are much more affected by this source of nonlinearity
than the even harmonics [5]. The force factor Bl is not
uniform across the air gap. Therefore, the force factor
depends on the voice coil position. Indeed, the magnetic
field induction B is the superposition of two fields. One
of them is created by the permanent magnet and is time
independent. This field crosses through the yoke pieces
but only 30 % serves to move the coil, [6]. The other
one is created by the coil and is time dependent. Klippel
proposed to model the force factor by using a 2nd order
polynomial, [2];
Bl(x)=Bl0+Bl1x+Bl2x2

(1)

In reality, the force factor depends on the displacement
x of the voice coil, and this variation is not symmetrical
relative to the equilibrium position. Its model of
dependence can be found by using a 4th order
polynomial function, [7].

A classical suspension is mostly made of rubber,
impregnated fabric or molded plastic. The small signal
model using lumped parameters describes a suspension
as an ideal spring, but an actual suspension always
shows nonlinear behavior. In consequence, its
compliance Cms depends on the movement amplitude
and the induced damping parameter depends greatly on
both; the amplitude and frequency. More generally,
many authors use the mechanical stiffness k which is
defined by:
k=1/Cms
(4)
Like the force factor Bl, k can be written in terms of
the 2nd order polynomial function.
k(x)=k0+k1x+k2x2

(5)

Such a model has been used by Klippel [2], to model
the nonlinear behavior of both; the outer rim, and the
spider. However, such model cannot take into account
the effect of the hysteretic response of elastomers.

2. MODELING THE NONLINEARITY
Sources of nonlinearity in the loudspeaker usually
reduce its response at higher amplitudes. Level of such
reduction depends on the loudspeaker construction and
on the amplitude of the driving signal. There are more
available numerical models for describing the
nonlinearity of the electromechanical systems. Two
most common are the Volterra series and the
Hammerstein model.

2.1 Volterra series
A Volterra series characterizes a causal and timeinvariant nonlinear system with a straightforward filter
structure, in which the system (input–output equation) is
rendered as a polynomial series. Due to the advantage
that Volterra series expansion is a linear combination of
nonlinear functions of the input signal, adaptive
Volterra filters are well suited for modeling of nonlinear
systems and for using the nonlinear system
identification algorithms, such as the least-mean-square
(LMS) algorithm and the recursive least-square (RLS)
algorithm.
Assume x(n) and y(n) represent the input and output
signals, respectively. The polynomial series based
Volterra series is given by the following expression, [9].
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Where hp(m1, m2, . . ., mp) is defined as the p-th order
Volterra kernel, and h0 is a constant value, which can be
ignored in the adaptive filtering. Actually, hp can be
regarded as impulse response for different types / rates
of nonlinearities. Matrix hp(m1, m2, . . ., mp) is assumed
to be symmetric.
Simulation and measurement results in [13] show
that the Volterra series is very suitable to characterize
the nonlinear behavior of the electromechanical system.
The quadratic nonlinearity is largely dominated by the
first coefficient of the 2nd order kernel. Experimental
comparison showed that the Volterra model can
effectively and accurately predict the sound pressures
and harmonic distortions within the bandwidth of the
training signal, [9].
Volterra models can be seen as a generalization of
the simple convolution operator used for linear systems.
Such models represent exactly any nonlinear analytical
system, and approximate any nonlinear system with a
fading memory. Measurement methods were already
developed to identify the first two or three terms of the
Volterra series. These experimental methods are time
consuming because they require many measurements.
Moreover the difficult physical interpretation of the
different terms of the Volterra series limits its use, [10].
2.2 Hammerstein model
While the completely general modeling of a
nonlinear system requires a convolution, which involves
a multidimensional matrix with the same number of
dimensions as the order of the distortion, as shown in
the Volterra series (Eq.6), a useful simplified model
may be obtained by using only the diagonal elements of
this multidimensional matrix. This method was set out
by Reed, [13], and it can be expressed in time domain as
given in [11, 12]:

∞

𝑦(𝑛) = ℎ0 + � ℎ1(𝑚1)𝑥(𝑛 − 𝑚1) +
𝑚1
∞

+ � ℎ2 (𝑚1)𝑥 2 (𝑛 − 𝑚1) +

(7)

𝑚1
∞

+ � ℎ3(𝑚1)𝑥 3 (𝑛 − 𝑚1) + ⋯
𝑚1

:

Where hm is the response of the system to the p-th
power of the input. For obtaining responses hi(m),
involves taking the powers of the input signal in the
time domain and then using the Fourier transform to
compute convolutions. This method presupposes that
the input signal is periodic, and this condition may be
achieved during measurements by playing the input
signal twice and analyzing the signal obtained during
the second play.
In this method, each impulse response hp(m) is
convolved with the input signal x(n) elevated to its p-th
power and the output y(n) is the sum of these
convolutions. The first impulse response h1(n)
represents the linear response of the system. The other
impulse responses h1, h3 … hP model the nonlinearities,
[3,10].
The family of impulse responses is usually referred
to as the Kernel of the model. This Kernels is assumed
to be integrable. Any cascade of Hammerstein models is
fully represented by its Kernels. It can easily be shown
that cascade of Hammerstein models correspond to
Volterra models having diagonal Kernels in the
temporal domain. This nonlinear model is thus referred
in the literature as a diagonal l Volterra model, but also
as a cascade of Hammerstein models, or Uryson model,
[10].
2.3 Proposed simplified model with
a numerical operator for the nonlinearity
Dominant sources of loudspeaker nonlinearity
loudspeaker reduce its response at higher amplitudes.
Level of the response reduction depends on the
construction of the loudspeaker driver and on the
amplitude of driving signal. Sources of nonlinearities
are generally described with polynomial; however,
much more straightforward approach by using simple
trigonometric function can also be used. Influence of
nonlinear magnetic flux, with weak smooth nonlinear
characteristics, can be described with Eq.8, [14], as
depicted in Fig. 2 for different rates of nonlinearity.
Ν{s (t )} =

arctan(k nonlin s (t ) )
k nonlin

(8)

If Eq.8 is to be applied as an operator N(s), then a
question appears; where to apply it? On the input signal
x (t), on the output signal y (t), or within the convolution
integral itself, as indicated with the Hammerstein
model? Equations with different position of the
nonlinear operator N{s(t)} are given in the Table 1.

function takes values 0 and 1 and is theoretically
broadband in frequency domain. Its representation in
frequency domain is theoretically similar to random
signal / white noise. Frequency of the harmonic function
was set to 7 Hz and is well below audible range and
working range of any fullrange loudspeaker. This part
of the signal is used to harmonically move the
loudspeaker motor from the linear into the nonlinear
working range. Impulses are used for the basic
identification of system response. While the amplitude
of the subsonic signal linearly decreases, the amplitude
of the impulses remains the same relative to the baseline
of the carrier signal, as depicted in Fig.3.
Fig. 2: Nonlinear operator for simplified nonlinear
system at different rates of nonlinearity knonlin
Table 1: Application of nonlinear operator N
operator N at:
Equation
INPUT

y N (t ) = h(n) * Ν{x(t )}

OUTPUT

y N (t ) = Ν{y (t )} = Ν{h(n) * x(t )}

CONVOLUTION

y N (t ) = ∑ [Ν{h(n) * x(t − n )}]

T0

n =1

Each position of the nonlinear operator N{s(t)}
provides a different result, as depicted with the set of
resulting numerical equations given in Table 2. In order
to establish how to properly use nonlinear operator
N{s(t)}, a set of simulations was performed using
numerical solutions given in Table 2 and using white
noise and impulse response. Results are presented in
chapter 5.
Table 2: Numerical calculations for modeling
operator N at:
Numerical
INPUT
OUTPUT

CONVOLUTION

In order to be able to compare simulation results in
time domain, with measured impulse responses, a new
test signal was developed. The main purpose of the new
test signal was to speed up the process of measurements
and to enable the visual perception of the nonlinearity
effect directly in the time domain. Test signal was also
designed for the purpose to obtain kernel of impulse
responses for different rates of nonlinearity with a single
measurement sequence.
2.5. Proposed test signal
Proposed test signal is depicted in Fig.3. Test signal
is combined from two functions; from the harmonic
function representing the carrier signal with subsonic
frequency and from the Kronecker delta function, which
is usually defined on a finite domain. Kronecker delta

Fig. 3: Proposed test signal
If the loudspeaker is excited with a proposed signal
with low amplitude, the loudspeaker can be considered
as a linear system, even if it is not entirely true due to
the dependence on electric current. As presented in Fig.
1, the nonlinearity needs to be taken into account only
for excitation signals with higher amplitudes, when the
loudspeaker coil starts to perform large strokes. It is
therefore necessary to take into account the rate of
displacement over time to correctly model the
loudspeaker nonlinearity, [5]. Proposed signal does
exactly that. It enables fast and simple measurements of
the nonlinearity effect at different levels of the crucial
part of the input signal which causes the nonlinear
response.

3. MEASUREMENT SETUP
Measurements were performed in the anechoic
chamber, (Fig.4) with volume of 36 m3. Signal from the
measurement microphone B&K type 4940 was
amplified with the measurement amplifier B&K type
2636 and sampled with A/D converter set to 192 kHz
sampling rate and 24 bit resolution. Power amplifier for
driving the loudspeakers was based on TDS7294, and
provided 100 W(rms) power. Acoustic measurements
were performed with a microphone and loudspeakers at
a fixed position. Proposed test signal was reproduced
two times at each amplification level. Amplification
level was gradually increased from -42 dB to -18 dB.
Proposed test signal was used for evaluation of two
fullrange loudspeaker with effective piston area of
31 cm2 and 38,5 cm2. Two signals were measured;
sound pressure signal and electric current. Electric
current was measured via voltage drop on 2 Ohm
resistor connected in line. During the measurements, the
amplification was set to deliver equal RMS value of
electric current on both tested loudspeakers.

Fig. 4: Measurement setup

4. MEASUREMENTS RESULTS
Fullrange loudspeaker cannot produce sound
pressure at the subsonic frequency of the carrier signal
at 7 Hz as it can be seen from measurement results
presented in Figs. from 5 to 7. Such a low frequency
cannot be reproduced due to small dimensions and too
low excursion of loudspeaker membrane. Although the
membrane was actually moving accordingly with the
signal during the experiment no sound with such a low
frequency was generated. In our experiment a Fullrange
loudspeakers was therefore actually working as a high
pass filters. While loudspeakers were able to reproduce
impulses they completely filtered out the subsonic
component of the test signal. However, this subsonic
component of the test signal has significant influence on
the performance of the loudspeaker.
In the first experiment the proposed test signal was
tested by observing the response of a loudspeaker FRS8.
Response of the loudspeaker was observed at five
different levels of the proposed test signal. Results are
depicted in Fig. 5, where 2 sequences of the test signal
are recorded for five amplification levels;
(-42 dB, -36 dB, -30 dB, -24 dB and -18 dB).

If the amplitude of the test signal is low (Fig.5, -42
dB), then the loudspeaker easily generates impulses
within the test signal, regardless to the amplitude of the
subsonic part of the test signal and amplitudes of the
generated impulses remain constant. Influence of the
subsonic part of the signal on the impulse response of
the loudspeaker can be observed only at higher
amplification levels, as expected. If the amplitude of the
test signal is higher (Fig.5, -18 dB) then the loudspeaker
cannot generate impulses within the test signal with
ease, and the amplitudes of the generated impulses
depend on the amplitude of the subsonic part of the test
signal.
At the start of the test signal, the energy of the
subsonic part dominates within the RMS value. At the
end of the signal only impulses remain within the test
signal and RMS value of the signal depends only on the
amplitude of impulses. If the loudspeaker is excited
with low levels of the proposed signal, then the subsonic
part of the signal does not push the loudspeaker motor
outside the linear part of the driver motor. At increased
level of the signal, the subsonic part of the signal pushes
the coil outside the linear part of the driver motor and
superimposed impulse response is adequately altered,
according to the effect of nonlinearity. When the
amplitude of the subsonic part of the signal is decreased,
the coil is working within the linear part of the driver
motor, and the impulse response adequately returns to
the linear response.
Measurement results of 8 reproductions of proposed
test signal with FRS8 loudspeaker are depicted in Fig.6.
Measurement results of 10 reproductions of the
proposed test signal with B80 loudspeaker are depicted
in Fig.7. Overall RMS value of the electric current
signal was kept constant for both tested loudspeaker,
resulting a in a test signal level at -24 dB for the
loudspeaker B80 and -29 dB for the loudspeaker FRS8.

Fig. 6: Response of the fullrange loudspeaker FRS8 to
the test signal presented in Fig.3, at -36 dB

Fig. 5: Response of the fullrange loudspeaker FRS8
to the test signal

impulse response of FRS8 is obviously less affected by
subsonic signal component as nonlinear impulse
response of B80.
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Fig. 7: Response of the fullrange loudspeaker B80 to
the test signal presented in Fig.3, at -31 dB
Envelope of the measured sound pressure peaks can
be used as an indicator/estimator for the rate of
nonlinearity. Impulse amplitude change rate δ can
present a deviation function of nonlinear response
relative to linear one. Index + indicate positive part of
the impulse response and index - indicates its overshoot.
If the loudspeaker is working in linear range, then both;
δ+ and δ - are limited toward 0. If the loudspeaker
works outside the linear range both function
significantly increase.
A Comparison between the impulse responses of the
fullrange loudspeaker when working in linear range and
in nonlinear range are presented in Fig.8 and Fig.9, for
two different fullrange loudspeakers (FRS8 and B80). In
both figures, the linear impulse response is presented
with thin black line and impulse response with nonlinear
behavior is depicted with thick grey line.
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Fig.8. Comparison between two different measured
impulse responses of fullrange loudspeaker B80;
linear – thin black curve and
nonlinear – thick grey curve
In both cases we can see that high amplitude of
subsonic part of the signal (Nonlinear part) reduces the
amplitude of the impulse response. We can observe
effect of nonlinearity in impulse response of the
loudspeaker B70 from the first peak up to the eighth
peak. On the other hand, nonlinear distortion affects
only the amplitude of the firs peak in the impulse
response of the fullrange loudspeaker FRS. Nonlinear

Time [msec]

Fig.9. Comparison between two different measured
impulse responses of fullrange loudspeaker FRS8;
linear – thin black curve and
nonlinear – thick grey curve
Proposed new test signal enables lucid observations
of loudspeaker deviation from linearity already in time
domain. Consequently, a quantification of nonlinearity
can be easily performed directly from the measured
sound pressure signals. Two measured impulse
responses were also used later to calculate the transfer
function in frequency domain and compared with
simulation results.

5. SIMULATIONS
Sources of nonlinearities are usually described with
polynomials; however, during the observation of
measurement results and results from a theory, a more
simplified approach immerged by using a simple
trigonometric function, as depicted in Fig.2 and given
by Eq. 8 Such approach is primarily intended for
modeling the time invariant systems of the first order.
Its applicability for modeling the nonlinearities in the
loudspeaker could not be found in the literature.
Therefore a set of simulations was conducted according
to Table 2 to establish the usability of nonlinear
operator. The purpose of the simulations was to find the
proper way to incorporate the nonlinear operator into
the numerical calculations of the nonlinear convolution.
Three different position of nonlinear operator were
taken into account;
- nonlinear operator on the input signal,
N{x(t)},
- nonlinear operator on the output signal,
N{y(t)},
- nonlinear operator within the convolution,
T0

∑ [Ν{h(n) * x(t − n )}]
n =1

for two different test signals;
- Kronecker delta function and
- white noise.

(9)

Results of simulations are depicted in Figs. 10 and
11. Influence of the nonlinear operator position on the
impulse response is depicted in Fig. 10. Black thin
curve depicts the linear impulse response of the
loudspeaker, grey thin curve depicts the nonlinear
impulse response simulated by the nonlinear operator
applied on the input signal x(t). Grey thick curve
depicts the nonlinear impulse response simulated by
nonlinear operator applied on the output signal y(t).
Nonlinear impulse response of the system, calculated
with the nonlinear operator incorporated into the
convolution, is identical to the nonlinear impulse
response simulated by nonlinear operator applied on the
output signal. In case of the excitation of the nonlinear
system with the impulse, a following equation can be
written;
T0

y N (t ) = Ν{y (t )} = Ν{h(n) * x(t )} = ∑ [Ν{h(n) * x(t − n )}]
n =1

(10)
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Fig.10. Simulation results of loudspeaker impulse
response for three different location of the nonlinear
operator.

Two measured impulse responses were used to
calculate the transfer function in frequency domain.
Results of simulations were later also used to determine
the frequency response of the linear and nonlinear
loudspeaker. Analysis of simulation results, especially
the frequency analysis of simulated signals, showed that
the most appropriate placing of the simple nonlinear
operator is within the convolution integral (convolution
series). Comparison between the simulation results and
measurement results are depicted in Fig.12 for
loudspeaker FRS8 and in Fig.13 for the loudspeaker
B80. Linear frequency response is depicted with thin
black line and nonlinear response is depicted with thick
grey line. Comparison between simulations and
measurement results indicate that simple nonlinear
operator can be implemented within the convolution
sum to obtain good results in modeling the nonlinearity.
Additional advantage of proposed procedure is that a
single value can be used for describing the effect of
nonlinearity of the loudspeaker.
The main purpose of presenting the results in
frequency domain is to show that characteristic of
fullrange loudspeaker alters significantly if the
loudspeaker is working in the linear or in the nonlinear
range. Frequency domain is generally used for
description of loudspeaker performance, even though
description in frequency domain is only a
transformation from the time domain.
From all presented results we can conclude that the
proposed test signal enables lucid observations of
loudspeaker deviation from linearity already in time
domain. Consequently, a quantification of nonlinearity
can be easily performed directly from the measured
sound pressure signals.

Influence of the nonlinear operator position on the
simulated white noise response is depicted in Fig. 11.
Thin black curve depicts the signal of linear system
response to white noise, grey curve depicts the
nonlinear system response to white noise, simulated by
the nonlinear operator applied on the input signal x(t).
Grey thick curve depicts the nonlinear impulse response
simulated by nonlinear operator applied on the output
signal y(t). Black dotted line represents the simulated
signal response for the nonlinear operator within the
convolution.
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Fig.11. Simulation results of loudspeaker response to
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Fig.12. Simulated effect of nonlinearity (above) and
measured effect of nonlinearity using proposed test
signal (below) for loudspeaker FRS8
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Fig.13. Simulated effect of nonlinearity (above) and
measured effect of nonlinearity using proposed test
signal (below) for loudspeaker B80

6. CONCLUSIONS
Nonlinear distortions can be easily observed in raw
microphone signal if proposed test signal is used for the
excitation of the loudspeaker. Quick and lucid
comparison of loudspeaker drivers and their
nonlinearity rate can be performed already in time
domain without any need for additional signal
processing.
Nonlinear impulse response, induced by subsonic
component in the test signal, can be modeled by simple
nonlinear operator given in Eq.9. Analysis of simulation
results, especially the frequency analysis of simulated
signals, showed that the most appropriate position of the
simple nonlinear operator is to be within the
convolution integral, (convolution series). Measurement
results and simulations with such nonlinear convolution
are in good agreement, validating the applicability of
the proposed test procedure and proposed modeling of
the nonlinearity at the same time.
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